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Abstract: This paper presents a multiple criteria decision making model of material requirements planning in a coal
mine. The model is built on the basis of historical data of material consumption and two criteria are considered in the
model: (a) probability of a lack of material and (b) deviations of the order size from the material consumption volumes
in the last n periods. The work assumes that the volume of material consumed is a continuous random variable with a
known distribution. In the model proposed it is also assumed that the costs of material order volume are limited. The
problem analyzed with the two criteria is solved by using goal programming and as a result, two non-dominated
solutions are received. The game theory approach to multiple attribute decision problems is used to choose the final
solution. Copyright © Research Institute for Intelligent Computer Systems, 2015. All rights reserved.
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1. INTRODUCTION

The main objective of the work is to present and
to analyze the problem of multiple criteria decision
making support on the basis of the example
connected with material requirement planning in a
hard coal mining enterprise. The production process
in such company depends on many non-
deterministic factors (geological conditions, among
others), therefore many decisions are taken in the
conditions of risk or uncertainty.

In the work the method of supporting the material
requirement planning is presented which consists of
two stages: modelling and problem solving. In the
first stage a multi-objective optimization model is
formed with two groups of criteria. The first group
includes the criteria regarding the probability of
material deficiency for the works planned, the
second one — the deviation of order amount from the
real (historical) consumption values of the examined
materials. In the second stage the problem is solved
by method of lexicographic goal programming
[2 p. 17]. Each group of criteria, after introducing
the goal variables, was aggregated into one criterion
by applying a scalarization function with the weights
assigned by a decision-maker basing on the material
importance in the mining process.

In the case when the decision-maker sets the
priorities of the particular goals, there is exactly one

solution to the problem received (or more but of the
same value of the objective function). In case when
the decision-maker does not want or cannot rank the
criteria from the most to least important, a multiple
solution to the problem is proposed for all possible
hierarchies of objective function. Then there is a
finite set of effective solutions obtained, so in result,
a discrete problem. In order to choose the solution
interactive methods may be used or, as it is proposed
in the work, the method based on the game theory.
The multiple attribute problem modelling in the
field of game theory was analyzed relatively rarely.
The works were mostly based on model construction
in a form of zero sum game [16]. In such model, the
decision-maker serves the function of arbiter in the
game, the strategies of one player are the analyzed
decision variants (the assumption is made about a
finite decision variants set). However, the strategies
of the second player are the criteria (with the
assumption about maximizing all the objective
functions). The concept of the solution to the
problem stated is to ground on using the mini and
maxi criteria as well as to choose an alternative
which guarantees the greatest one from the possible
minimal levels achieved in the goal set (the
measurement of which are the considered criteria).
At the same time, it should be taken into account
that multiple attribute problem modelling in the form
of zero sum game highlights a conflict occurring in
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the problem — zero sum games serve for antagonistic
situations modelling in which there is an extreme
conflict (in two-player game the payoff of one
player is at the same time the loss of the other one).
However, it has been noticed that in the multiple
attribute problems such a strong conflict does not
always occur [7 p. 534], but only when analyzing
efficient solutions, the value of improvement of one
objective function at the expense of another one
causes conflict [7 p. 533-543].

The inspiration for the considerations raised in
the hereby work is a concept by Maddani and Lund
[17] connected with the analysis of multiple attribute
decision problem in the form of multi-player non-
cooperative game.

The starting point for model construction in the
form of a game is the identification of relationships
between the multiple attribute problem and the
game. These relationships are presented in Fig. 1.

Multicriteria problem Game

>
€— Results —>
>

Criteria
Alternatives (Decision variants)
Performances (Decision variants estimates)

Players
Strategies
Payoffs

Fig. 1 — Relationships between multi attribute decision
problems and models in the game theory.

Source: Madani, Lund (2011).

When building a multiple attribute model in the
form on a non-cooperative multi-player game, each
player is linked to one criterion, strategies of each
player are determined by the examined alternatives
and the payoffs of the players by the estimates of
decision variants [28]. Such problem transformation
implies the necessity of determining the payoffs of
the players in the situation when players-criteria
choose different strategies-variants. The choice of
the acceptable decision, in such game, is
correspondent to a situation when all players-criteria
use the same strategy, that is they choose the same
decision variant. The independence of strategy
selection by the player means that there are possible
situations in which at least one of the players-criteria
chooses another variant. In the work by Madani and
Lund [17] the issue considered with four decision
variants and one of the variants means the current
state (status quo), and also two criteria are analyzed
connected with two groups of stakeholders. In the
situation when players-criteria choose different
strategies-variants, then the current state is
maintained — payoffs of the players in this situation
are the same as in case of a simultaneous choice of
status quo alternative. From the point of view of
players-criteria in this game, these situations are
undistinguishable. The model in the form of a game
is analyzed and solved with the use of non-
cooperative stability definition [5]. The game

presented by Madani and Lund requires the
existence of status quo decision variant (strategy),
however, one should notice that it is a specific case
of decision problem.

Taking into account the considerations above, the
multiple attribute decision problem may be
understood as a some kind of abstraction — a game
played among the criteria in the decision-maker’s
mind. Such an approach to the issue allows the
possibility of multi-stage game and considering the
stability of obtained solution understood as stability
definition: in the Nash’s meaning [20], general
meta-rationality (GMR, [11]), symmetric meta-
rationality (SMR, [11]), sequential stability
(SEQ [8]), limited move stability (LMS [31], [15],
[5]) and non-myopic stability (NMS [3]).

The analysis of one-time played situation (with
perfect information) is also possible as well as the
use of the concept of risk dominance [10] for
coordinating the actions of players.

2. GENERAL FORM OF THE MODEL

Let’s assume the consumption, per ton of the
mining product, of M; material (i = 1, 2,..., 5s) to be a
random variable X; with a known distribution F; and
z; be the size of the order of M; material per one ton
of mining product. Assuming that there should be z;
order size for M; material, which with the highest
probability covers the requirement for this material.
It is known that material storage increases the
company’s costs. Therefore, such an order size for
the material should be found and its lowest possible
amount purchased under the condition that it does
not deviate considerably from the past level of
material requirement and the purchase costs of all
the materials do not exceed a certain pre-determined
K value. It was assumed in this work that the
consumption of M; material per ton of the mining
product: x;;, Xp,..., X; in the n previous periods
(i=1,2,...,5) does not show any trend or periodical
fluctuations. It is also supposed that the x;;, x5, ..., X
values are the only information about the mining

conditions affecting the level of material
consumption in the past.
When: m; — expected value of the random

variable X; S, — standard deviation of the random

variable X..

The objective functions, for each M; material are:
(a) — probability of a lack of M; material
(F(z,) > max i=1,2,..,p), (b) — deviations of the z;
order size from the material consumption volumes:
Xi1, Xi2,... ,Xin in the last n periods (|x,, —z,|—>min, i =
L,2,.,pt=1,2,..,n).

In order to compare the results according to the
separate groups of criteria (a), (b) the following
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standardization ~was  performed: 7 =% "%,

X, —m;

X, —Z.
s it i it i
X, = S

s s

X it —Z;

it i
Six Six

The model may therefore be written in the
following form:

F.(z}) > max, (@)

[ = z}| — min, (b)

Y ezW <K,
i=1

z, 20, €))
z,=z; S, +m,.

i=12,..,p,
t=1.2,...,n,

where: ¢; — price of one unit of the M; material, W —
mining production planned, K —funds available for
M,;, M, ..., M ,materials purchase.

Let the wvariables vﬁ,v% >0 be the goal

1

variables, so that:

F(z)+v™ =1,

0- _
Vi = 0,

‘x“ﬁ —Z;v
i=1,2,..,p,
t=1,2,...,n.

The problem (1) may be then written in the
following form:

v — min, (a)
0
it

F(z)+v" =1,

-v?" =0,

v, — min, (b)

X' — Z;
p

D czW <K, Q)
i=1

v 20,
z, =z S, +m,
i=12,..,p,
t=1,2,..,n.

Multi-objective  optimization problems are
usually solved by scalarization ([21], [2]). If we
denote the weight given by the decision-maker to Mi
material as ui on the basis of its importance in the
production process, so that and

scalarization

Uy Uyt >0

w+uy +..+u =1, next may be

performed in the following way:
F+ F+ F+ Z F+
s, (v v, ey, ))=Zuivi s
i=1
0- ,0- L 0- 0
S(u’(vlt Vo sV ) = Zuivit :
i=1

Thus, the model obtained in this way will be of
the following form:

P
D uy" —min, (a)
i=1

P
D> uy?” —>min, (b)
i=1
F(z)+v" =1,

o- _
-v; =0, °

i

‘x“'ir -z

zZ; = Z}Y Six +m; (3)

S
ZCiZiW <K,
i=1

F+ _O-
v, v, 20

i=1,2,...,p,
t=12,..,n.

As the goal variables vZ

“t=1,2, ..., n, appear
in the set of criteria (b), a process for discounting
these observations may be run using weights. Let w,
be the weight for ¢ period. For example, using
harmonic weights:

W= w_ + 1 for t=1, 2, ..., n with w;=0.

n(n+1-t)

In this case, the set of criteria (b) may be

described using only one objective function:

n.p

Q,
2 D
=1 =l

Thus, the model takes the following form:

V4
D uv" — min, (a)
i=1

n P

Z Zuiw,vl.?’ —>min, (b)

=1 i=1
F(z)+v" =1,
—ve =0,

it

z, =z S, +m, (4)

s s
‘X it —Z;

S
ch.zl.W <K,
i=1

F+ _0-
v, v 20

i=1,2,.,p,
t=12,..,n
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In case when all the materials are equally
important in the manufacturing process, the model
(4) may take the following form:

v — min,

i Zplw,v,?’ — min,

t=1 i=1

ﬁ F(z))+v=1,

i=1
s

(4)
(B)

X' =z = v =0,

it

S
Z czW <K,
i1

4)

F —
+vQ

it =Y

v,
z, =z S, +m,
i=1,2,..,p,
t=1.2,..,n

This is a model with linear objective functions
(a), (b) and a set of non-linear constraints.

In particular, this problem can be solved by
lexicographic goal programming. If priorities P1, P2
are set by the decision-maker for the particular
objective functions (a), (b), and when the decision-
maker is unable to assign priorities to the particular
criteria, the best way is to determine an optimal
solution for all of the possible combinations of
priorities. In this way a finite set of solutions is
created, which then may be presented to the
decision-maker and he can choose the most
satisfying ones from the elements of the set. Another
way is to use a method which would allow
distinguishing the best solution from the set. To this
end the methods from the game theory may be used.

3. GAME THEORY APPLICATION TO
CHOOSE THE SOLUTION TO A MULTI
ATTRIBUTE PROBLEM

If there is a multiple attribute decision problem in
the following form:

max ¥ (y) =max[£,(0). £, L] (5)

where Y is a finite set of acceptable (feasible)
decision variants y ={y,,¥,,...,y,}, f; is a j-number
criterion-function defined on the set: Y (j=1,2,...,k),
Y(y) is the vector grouping all the targeted

functions, f{(y) designates the assessment of the
decision variants in relation to the j-number
criterion. Furthermore, all of the estimates of
alternatives in relation to all criteria are given. The
solution to the problem of vector optimization (5) is
a set of effective solutions (Pareto-optimal).

Using the relationships presented in figure 1, the
problem (5) may be transformed to a non-
cooperative non-zero sum game with & players in the
standard form:

G=(D,H), (6)

where ® =Y"* is a set of all possible situations in the
game, and H is the function of payoffs for the
players, determined on the @ set. Each situation in
the game is clearly determined by the vector of pure
strategies used by each player. Therefore, the vector
$= (Vi1 Vinsn Vi)s vi €Y, the components of which

are the strategies of particular players chosen in the
given situations, is the element of the @ set. The i-
number strategy is chosen by the j-number player (7,
j=1,2,...,n). The situation, in which all players
choose the strategy related to the same i-number
decision-making variant, is described by:

b=,y ey yi=yi==y. (D)

Let y* designate the strategy related to an
alternative with status quo' character, and then the
payoff function is determined in the following way:

1) 2 )sees [ (V)
for ¢,
107, (5 )sees [ (V)

for other situations.

H(¢)=

The results of research presented in Madani’s and
Lund’s thesis indicate that the analysis and features
of a game defined in such way depend on the status
quo variant which first of all has to exist, i.e. it has
to belong to the set Y.

The game presented is played in the mind of the
decision-maker so the analysis of the problem may
be conducted with the use of the definition of
stability presented in Table 1. The various
definitions of stability differ from one another
mainly in terms of the horizon of anticipating
moves, the possibility of making the situation worse
in a given move and the required information about
players’ preferences. Especially, it has to be noted
that the definitions of stability presented in the table
relate to a particular player and the analyzed
situation in the game is stable if it is stable for each
players.

! With the assumption that the status quo variant exists (in such meaning
that the lack of choice of the same variant by all players-criteria
corresponds to a lack of change in the existing state).
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Table 1. Definitions of stability.

Characteristics of
stability
s =
g S o
Sl e
5 s |35 _| S8
: Description of stability = |Bwdl &g
= =82 =® o
£ S |EE & =25
| S 528 2%
E % 5% g 3
R P
]
<
The player has no possibility of ™
w 2 A . 3 .
o= one-sided improvement of his E 2 ° g
§ <2 situation (transfer to more — E “ ]
@ preferred state) ~
)
< 2| All (one-sided) improvements 2% | 5w »
Qld = Té of'a given player are blocked éﬂ 2 g § E
= g S by other one-sided moves of g g - Tﬂ; &
© = other players <o | /A &
&)
All (one-sided) improvements
2 2| ofa given player are blocked o @ | 5 ., )
B2 .3 . o) O 2z -
v S8 S by other one-sided moves of gz |28 5
> g ﬁ 2 other players even after a S g > %i kS
7 > 5 possible response of a given <o | M -
(analyzed) player
= o All (or}e-sided) improvements o 0 _
‘g’ = of'a given player are blocked s 2 o = 2
235 by other one-sided moves of S g “ 35 =
AP other players <o
2 It is assumed that all players - Z
| == . . o » Q g
~< 5 are acting optimally, the 5 9 B 2
£ v s S = & =
g number of transfers between S 2 = =
S g o | situations in the game is strictly S = & E
] . . ~
=328 limited o
=
A case of stability in a
2 : ; »
L= restricted number of moves, in - Z
28 which the number of transfers 2 & y
7 between the conditions tends to g f’-':; =
a2 infinity (however, there is no = 2 =
= 5 . S =) o
Zz 5 way to obtain the condition in o]
= which the analysis was started)
Source: Madani K., Hipel K.W. (2011). Non-Cooperative

Stability Definitions for Strategic Analysis of Generic Water
Resources Conflicts. Water Resources Management 25, 2011 p.
1949-197

In a particular way, the description of stability in
the meaning of LMS and the numerical listing of the
idea of risk dominance, will be presented in the
analysis of the problem related to the enhancement
of material requirement planning in hard-coal
mining plants.

While considering the multiple attribute problem
understood as a game that is played once, one can
use the concept of risk dominance [10]. The essence
of such approach is based on choosing a dominant
strategy related to risk, while the measure of risk in
this case is the probability (subjective) of using
relevant strategies by the players, with perfect
information about the payoffs and under the
assumption that the players behave rationally in
order to coordinate their actions.

4. EXAMPLE OF THE USE OF THE
MULTI-OBJECTIVE MODEL TO
DETERMINE THE ORDER SIZE FOR
WOOD AND POLYURETHANE
ADHESIVE

Wood and polyurethane adhesive is consumed in
hard-coal mines [22].

The hypothesis that wood consumption is a
random  variable with normal distribution
N(0,00358;0.0086) is not rejected at the significance
level of 0,05 (Kolmogorov-Smirnov test). The
hypothesis that polyurethane adhesive consumption
is a random variable with the normal distribution
N(0,122; 0,045472) is not rejected at the significance
level of 0,05 (Kolmogorov-Smirnov test). The
hypothesis that there is no linear correlation between
the sizes of wood consumption and polyurethane
adhesive consumption is not rejected at the
significance level of 0,05.

Table 2 presents the average unit prices of wood
and adhesive, together with annual mining
production planned and the annual level of
expenditure on wood and polyurethane adhesive
planned.

Table 2. Unit costs of wood and adhesive, annual
mining production planned and annual level of
expenditure on wood and polyurethane adhesive

planned.
price per kg of adhesive — ¢; 13,75 PLN
price per m3 of wood — ¢, 296 PLN
mining production planned — W 4000000 t
maximum egpendlture on 950 000,00 PLN
materials — K

In model (4) the harmonic weights: w; (i = 1,
2,...,36) were used and it was assumed that both
materials are equally important in the mining
process, so the weights satisfy: wu;=u,=0,5.
Moreover, it was assumed that the decision-maker
has not set the priorities of particular criteria.
Table 3 presents the solutions to the problem (4°)
with various sets of priorities.

The estimates of the status quo variant were
based on the method of determining the material
requirements that is currently in use.

Grounding on the relationships presented in
Fig. 1, the problem was presented as a game in a
normal form of (5):

(0.14876;-0.20332)  (0.03745,-0.20981) (0.03745,~0.20981)
(0.03745-020981) (0.04474:-0.16251) (0.03745-0.20981) | (9)
(0.03745,-0.20981)  (0.03745,-0.20981) (0.03745,-0.20981)

The matrix (9) is the realization of the concept of
payoff function (8), in which the payoffs of the
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second player are presented by negative values due
to the direction of the optimization of the given
criterion-function.

Table 3. Values of solutions with various sets of
priorities given to the objective functions of the
problem (4°).

zi-adhesive in kg/t 0,0875946 | 0,0454681

z,- wood in m’/t 0,0039546 | 0,0054455
F(z)) 0,22218 | 0,04539
F(z) 0,66955 | 0,98561
Value of the function (A) 0,14876 | 0,04474
Value of the function (B) 0,20332 0,16251
Size of the E)lig;:r- adhesive 35037.8 18187.2
Size of the order — wood (m®) | 1581,9 2178,2
Total cost of the order in PLN | 950000 894818

Table 4. Entry data for the problem analysis.

y Value of the Value of the
decision function (A) function (B)
variant (max) (min)

Vi 0,14876 0,20332

V2 0,04474 0,16251

y* 0,03745 0,20981

The analysis of stability of the solutions
(situations in the game that correspond to the main
diagonal of the matrix) in the understanding by Nash
indicates that the situations are stable, none of the
players has the variant of one-sided improvement of
the situation due to changing the strategy.

The results of the analysis in regards to the other
concepts of stability presented in Table 1 are
presented in Table 5. The stability of LMS (in a
limited number of moves) is especially worth
noticing because of the essence of the problem and
its features.

Under the assumption that the game is played
among the criteria, in the mind of the decision-
maker, it is hard to justify the GMR or SMR stability
analysis as they assume the possibilities of
transferring to a situation worse for the opponent,
only to punish the player (from the point of view of
whom the stability of the solution is analyzed) — in
other words, a number of antagonistic actions is
accepted, which would lead to the analysis of
solutions that are irrational from the point of view of
all players. The concepts of LMS and NMS, on the
other hand, allow the possibility of strategic
worsening of the situation if in the perspective of
further moves of the players acting rationally and
optimally, a situation more preferred than the
previous one may be achieved — players make a

move only in situations that are better for them
(more preferred)?, The stability of NMS is a specific
version of LMS, in which the horizon of anticipating
moves is unrestricted’, In the example analyzed in
two moves the situations corresponding to the
decision variants are analyzed, therefore the stability
of LMS is presented in the perspective of two
moves, On the other hand, in case of considering 4
criteria, the LMS(%) stability should be considered.
The stability in the meaning of NMN, due to a
specific construction of the game is identical to the
stability of LMS(4),

Table 5. The summary of the stability analysis of the
game under consideration.

Solution Vi V2 y*

Nash Yes Yes Yes

GMR Yes Yes Yes

Stability SMR Yes Yes Yes
occurrence | SEQ Yes Yes Yes
LMS No No No

NMS No No No

The analysis of the information in table 5 does
not clearly indicate the solution to the problem. It is
then reasonable to use the approach that considers
the problem in the categories of one-stage game —
both players-criteria select the strategy-alternative at
the same time. In the game analyzed there are three
equilibriums in the Nash’s meaning that are pairwise
compared and by the use of the concept of selecting
the equilibrium and dominance in regards to the
payoffs and risk dominance presented in the
Harsanyi’s and Selten’s thesis [10], one equilibrium
will be chosen which corresponds to the choice of a
decision  variant. Because the equilibrium
corresponding to the status quo variant is dominated
due to the payoffs by other equilibriums, it will not
be analyzed further — the status quo alternative is
dominated.

The ((v1y1),(v2y2) is pairwise compared, the
example of which will be used to present the concept
of risk dominance. It may be seen that there is no
payoff dominance (the first equilibrium is preferred
by the first player, the second by the second player),
As the game is played only once, the players may be
guided by the anticipation of their opponents’
moves. Let the first player estimate the probability
of using the first strategy by the second player as p,
then the expected value of the first player using the

% In case of more players-criteria it seems reasonable to allow a
strategic worsening of the situation by other players.

® The analysis ends with the transfer to the entry condition, i.e.
the return to the situation that is analyzed.
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first strategy equals to:
0,14876p + 0.03475(1 - p)=0,11131p + 0,03745,

and using the second strategy:
0,03745p +0,04474(1 - p) = —0,00729 p + 0,04474 ,

If the following condition is met:
0,11131p +0,03745 > -0,00729 p + 0,04474 , the

first player will select the first strategy.

In other words if the first player estimates that
p>0,06147 (p>py) then he will choose the first
strategy as he will achieve a greater payoff. The
situation may be analysed in a similar way from the
point of view of the second player. Let the second
player estimate the probability of the first player
using the second strategy as g. In such case the
expected value of using the second strategy by the

second player equals:
—-0,20981(1 - g) — 0,16251¢g = 0,04730g — 0,20981
and in the first strategy:

-0,20332-(1-¢) —0,20981g = —0,00649¢g — 0,20332

The second player will therefore select the more
preferred strategy (equilibrium) if the player
estimates that g>0,2065 (g>q,). It may be seen that
the first player is more motivated to choose the first
strategy than the second player to choose the second
strategy (pp<qy). Accepting the assumption that both
players reason in a similar way, the equilibrium
should be achieved corresponding to the first
alternative — equilibrium (y; y,;) dominates because
of the risk for the equilibrium (3>, y,),

In the example under consideration, the risk
dominance concept used clearly indicates the choice
of the y, variant,

5. SUMMARY AND CONCLUSIONS

The concept of decision support model
concerning the material requirements planning in a
mining enterprise is based on the specificity of hard-
coal excavation — in a significant way it includes the
randomness occurring in the material requirements
necessary for production, In this case there should be
the examined criteria taken into account:

e probability of material requirements covering,
e deviation from the historical usage.

The procedure suggested bases on a two-phase
model. In the first phase there is an issue solved with
the use of targeted programming concept, the second
phase appears in a situation of a lack of determined
priorities regarding criteria function — then from the
pre-selected set, determined in the first phase, there
may be one solution chosen grounding on the
multiple attribute decision making model in the form
of non-cooperative game.

The use of multiple attribute problem basing on
the game theory does not require a further
scalarization of the issue — the variant estimates do

not have to be aggregated. In case of game analysis
using the stability definition there is only the
relationship of direction of preferences significant
among the analyzed situations in the game. In the
analysis connected with situation selection
(equilibrium), which is risk dominant, the
probabilities indicated always concern the payoffs of
one player, and only when comparing the indicated
probabilities it is possible to search for a form of
leading to the comparisons of decision variants
estimates. In both approaches based on game
analysis, the key significance belongs to the
reference point of the analysis, that is status quo
solution. If such solution is effective in the view of
criteria adopted it should be recommended as a
solution to the problem.
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