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ABSTRACT Mathematical models of complex objects in the form of interval difference equations are built on
the basis of the obtained experimental interval data within the limits of the inductive approach. At the same time,
interpretation of physical properties of the object on the base of such model is complex enough. A method of
transformation of a mathematical model in the form of interval differential equations was proposed in the article.
The proposed method is based on the formulas for representing the values of the function at the node of the
difference grid in the Taylor series in the neighborhood of the base node, as well as the differential representation
of the derivatives in the same neighborhood. The developed approach creates opportunities for the identification
of interval models of complex objects based on the analysis of interval data with further interpretation of the
physical properties of the modeled object according to the classical scheme.

KEYWORDS interval differential equations; structural identification; interval model; Taylor series.

I. INTRODUCTION

ECENTLY, mathematical models of complex objects in

the form of differential equations have become widely
used for decision-making. Such equations are built on the basis
of the obtained experimental data within the limits of the
inductive approach [1-3]. At the same time, such models are
often problematic for application because they should reflect
important physical properties of the object based on the main
modeling tasks [4-8]. When a deductive approach is used, the
properties of the object are analyzed and then the
corresponding mathematical equation is selected, which is
solved and the solutions are compared with the results of the
experiment [1-3]. Differential equations are the result of
applying deductive approach for building mathematical models
of the object for example for the purpose of displaying its
dynamics. Simultaneously in this case, the coefficients of these
equations reflect various properties of the object or
phenomenon. Differential equations in partial derivatives in
which coefficients also have physical content are also often
used for modeling complex objects. For example, in the
equations of mass transfer of particles of matter in air, these
coefficients are diffusion coefficients [9-11]. Altogether, if
mathematical models are built in the form of differential
equations on the basis of experimental data using of the
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inductive approach, these coefficients do not have physical
interpretation [12-16]. Therefore, the application of such type
mathematical models for an investigation of object’s properties
particularly for other conditions, which coincide with
conditions of getting experimental data is rather complex. It is
also difficult to establish the adequacy of the model to the
object under study [17-20]. Thus, such a contradiction arises
that, on the one hand, the mathematical model of the object in
the form of a difference equation, which is built on the basis of
interval data, is consistent with experimental data, and on the
other hand, it is difficult to assess the completeness of such
model [21-25]. At the same time, advantages of obtaining
mathematical model based on its identification using interval
data are obvious, since the very process of model identification
is solving an optimization problem using universal and well-
developed methods [26-30]. One more advantage of such
approach is that built mathematical models take into account
errors in data on the base of application of interval data analysis
[31-34]. In this case, mathematical model is built in the form of
a difference equation, which ensures the calculation of object
characteristic estimates in the form of numerical intervals [21,
34, 35]. It should be noted that optimization task of
identification of such model is quite complex from
mathematical point of view. However, for their solution enough
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methods have been developed based on swarm intelligence of
a bee colony [21, 26-28]. In particular, the solution of
optimization tasks based on behavioral model of a bee colony
made it possible to solve a number of complex problems of
mathematical modeling in ecology [15, 16,21]. Therefore,
taking into consideration the known computing schemes of
identification of mathematical models in the form of interval
differential equations on the basis of experimental data, the
development of a method of transformation of a mathematical
model in the form of interval differential equation to
mathematical model is appropriate. Such approach allows
combining of positive sides of deductive and inductive
approaches to building mathematical models and to their
interpretation.

Il. MATERIAL AND METHODS
The article is based on the materials of doctoral thesis. The
authors took part in a number of research and development
work.

Interval differential equations, structural identification,
interval modeling is used for the experimental data processing
and interpretation.

lll. STATEMENT OF THE TASK
The task of identification of interval discrete model of complex
object in the form of interval difference equation

9 (N)=f (V) g +£(V) &+t oy (V) -
k=d,.. K (1)

based on interval data
(252 1,k=0,... K, )

is optimization task in the form of

N
= IS low , _up
5(81 j—>mm,g, C[gjz &l J/ 3)
j=1,...ml=1,.,S,
where [Z];,'Z;] — numeric interval of obtained characteristic
of an object experimentally with time or space discrete
k=0,...,K; where U, - means simulated value of a
characteristic of an object in discrete moments of time (space)

k=d,..,K; d — order of difference scheme (1); ¢ — vector

of parameters of a model, meanings of which should be
assessed on the base of interval data;

£ (‘7),f2 (17),, f (‘7) - a set of basic functions, that is

for each basic function, there will be in expression (1), the next
vector:

¥ T
V' =(0_gre 10, 0) “)
An expression for function 0 [gl J is the following:
S| 3, |= max {|mid([5 —mid( z_,'zq },
(gl J i—1,...,N{ ([5J) =132 )

if [0, ] z¢;201=2,3k=0,...,K (5

220

5(; J:,max {wid([fzk])—wid([@k Iz ]y

i=1,...N

if [0, || 2152 1=,k =0,..., K (6)

Obtained difference equation is the following

(G AVDI=L, (VD)8 +-+Lfy, (VDI-3,, . K=d,... K
R , (7
where [‘7]=[f)k_d],...,[f2k_1],[?3k] - interval vector with

components which mean computed interval estimates

[0 ,ZAJ;;] of characteristics.

It should be noted that stated above optimization task (3) is
NP complex and algorithms of a bee colony (ABC) are used for
its solution [16]. The main idea of ABC is to model behavior
of a honey bee colony in the search of food (nectar).

Considering the context of a bee colony activity in nature,
first, scout bees fly out of the hive looking for the nectar in a
random direction. The quality of the nectar source is
determined by the quantity of the nectar and also by a distance
from the hive to the source of food. That is in a bee colony,
there are some types of bees one group of which are scout bees.
When the scout bees return to the hive, they inform other
individuals of the colony about the found food sources. Worker
bees choose the source of the nectar to which they will fly. This
source is based on the received information about the quality of
the found nectar. There is one more type of bees which are
called explorer bees, the task of which is the search of the
neighborhood of the nectar source. The main principle is the
next: the better the food source is the more bees will fly to it.
Then the process is repeated [16, 21].

It should be emphasized that in the context of computing of
optimization task (3), the described principles of swarm
intelligence can be formulated as follows [30]:

1. Initialization of the population of algorithm agents (in the
space of search for solutions of the problem randomly) form a
certain number of starting points (potential solutions of the
optimization task (3)).

2. The movement of algorithm agents (based on a set of
rules of movement specific to each swarm algorithm) agents
move in the space of solutions of optimization task (3) in such
a way as to approach the extremum of the objective function.

3. Completion of the procedure (when it is stopped,
otherwise, it is transition to the second step).

It should be noted that nowadays, there are a lot of
modifications of this algorithm particularly realized on parallel
computations making this method the most effective for
computing the stated above task among all swarm algorithms.
That is we can state that inductive method for building
mathematical models of dynamics of objects in the form of
interval differential equations is enough effective and well
developed. However, as it was stated above, built in the form
of interval differential equations on the base of experimental
data, mathematical models are complex for interpretation of
physical properties of an object because these coefficients do
not have physical interpretation.

Therefore, the research task is to develop a method, which
gives an opportunity to transform this interval differential
equation to interpret the properties of an object on the base of
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the built model and also to widen conditions of application of
a model.

IV. METHOD OF TRANSFORMATION

As it is known, any differential operator can be represented by
a difference equation with satisfactory accuracy. To build a
transparent interpretation of an identified difference scheme
based on experimental data, there is an opposite task that is to
approach difference scheme with satisfactory accuracy using
some differential equation. To solve it, the formulas for
representing the values of the function at the node of the
difference grid in the Taylor series in the vicinity of base node
as well as the difference presentation of the derivatives in the
same vicinity will be used. That is the same apparatus which is
used for building difference schemes for a differential equation
will be used for forming a differential equation which
corresponds with a curtain accuracy to the given difference
scheme. Let us formulate an algorithm for reducing a difference
scheme to a differential equation followed by its investigation
as follows:

1. The value of an unknown function at the node furthest
from the base node is approximated. The value of the function
is given at such a node using derivatives, the maximum order
of which is determined by the distance of the analyzed node
from the base one. The approximation process is continued for
all nodes that do not coincide with the base node in the order of
their distance from the latter one.

2. Inone-dimensional case, the approximation process is
continued for nodes that are more than two steps away from the
base one. In order to save time of calculations, to approximate
the value of the unknown function at nearby nodes, we use the
widely used difference approximation equation of the first and
second order derivatives.

3. By substituting the obtained equations into the
difference scheme, we will obtain its approximation by a
differential equation of the appropriate order.

4. A characteristic equation for the obtained differential
equation of one variable or a sequence of characteristic
equations with fixed values of all variables except one
according to the method of straight lines are built.

5. Analytical presentations of solutions for characteristic
equations are built. Those of them are selected which
correspond to the nature of the task.

6. A general presentation of the solution of one-
dimensional problem or a sequence of profiles of the solution
of the problem in the case of many variables based on the
boundary conditions of the problem is built.

Parameters of such analytical solutions, as a rule have
transparent interpretation in the conditions of the given task. In
addition, the solution to a differential equation connects to the
task a number of similar processes of different nature, the
dynamics of which are described by the same differential
equation.

The peculiarities of the described approach will be
explained on a separate example. Let us consider difference
scheme for function of two variables of the next type:

Vij = g1t G2Vij-1+ G3Vi-1j t+
9aVi—1,j-1 t gsVij2 + GeVij-3- (3

The furthest from the base node (7, j) in the given scheme is
a node (i, j-3). That is why we begin from approximation of
values of unknown function, it is in this node:
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v .. .
Vijos = v(6,y; = 38y) = vy — 3o (1.) - (38y) +
6217 PR 9 2
Zr ) Gy =22 ))-
Cay®) + 0(e*) ©)

where € = /Ax2 + Ay? .

Since it is planned to use the cubic derivative from this
equation, we extend the expansion to a component per unit of
higher order to ensure approximation properties. Gradually
approximating, the following is obtained:

v .. .
Vijoz = v(6,Yj = 28y) = vy =32 (1)) - (28y) +
v . .,
TSI @Y -ZEGH Gy + 06
(10)
o . .
Vi_1j-1 = (X — Axy; — Ay) v — é(l:l) “Ax —
w . . v ., . Ax? v . .
5 )by + 5 @)D G+ 55 @) (Axdy) +

v ., .. A Bv . . Ax3 33 ..
52N ) =32 () =535 G-

1 93 .. 1
a2 )
_Ov L A 4
3y @) + 0@, (11)
w ,. . %v
Vg = V(g — Aij) = v —a(l,]) At o K

(%) 58 - (55) + 0. 12)
Vijo1 = v(x ¥ — Ay) = vy —a—v(i D-dy+ 2_]27(1' -
(— ——(l R (—) + 0(e%) (13)

Substituting equations (9) — (13) in presentation of
difference scheme (8) the following is obtained:

+ o i) - dx 4ocy 220 ) - A
. = 0.8 P <, — . o, — .
vl,} g1 2 vl,] 3 dx L] X 4 ay L] Y
v v
+ g %2 (i, HAx? + g —axay @i, ))
v
- AxAy + o« _6 > (i, /)4y

63 3
+oXg o3 3(1 NAx® +o 9 3x27 (l )
- Ax?Ay +
aBkv . . 2 v . A 3 4
+0o¢q W(l,])-AxAy + oy, m(l,])Ay + +0(e%)
(14)

where &= g, + g3 + g4+ gs + e,

X3=—gz — ga, (15)

4= —gz — ga — 295 — 39e» (16)
0(52 93294, (17)
0(6: g45 (18)
0C7=
L2 1+ 295 +2 g, (19)
0(8— 93‘6"94’ (20)
1
0(92 _Egll-a (21)
1
X10= 2, 94, (22)
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Xq1= _%92 594+~ ggs - 396- (23)

Therefore, the obtained cubic differential equation (14) is
in partial derivatives that approximated a difference
scheme (8).

Let us consider in more detail the scheme of the method
using the example of a difference scheme for an unknown
function of one variable with a maximum distance from the
base node in two steps, for example:

832 T &V T8+ =0. (24

Transforming the known difference equation of

approximation of the derivative of the second order, the
following expression is obtained:

i—g(vk -20, 1 +0_,)= gBU"(xk) + O(h) =0, (29)

where K - discretization step.
Therefore, approximate presentation of the first component
of expression is obtained (25):

2" 3
$3Vk_n = 83h°0 (X,) +2830,_1 — 53U +O(h ) (26)
Substituting (26) in (24) the next differential-difference
equation without value of unknown function in point x,_, is

obtained
g3hzv"(xk) -l—(g2 +2g3)vk_1 +
+(g1 —g3)vk +8y +O(h3) =0

Further, using the same scheme only now, using the known
difference approximation equation of the derivative of the first
order

27

%(vk —o, )= U'(xk)+O(h ) ,

we approximate the value of unknown function in the point
x,_q by the next way

(28)

0y =ho(x)+o, +O(?) . (9)
Substituting (29) in (27) we obtain the next
8P () (8 +285 ) /() +
(30)

3 .
g1 +8,+8)0, +8+OI7) =0
Dividing equation (30) into g5 the next presentation of a

differential equation is built

d%v do
2 3) _
h 2 —halantazv +a3+O(h )—O. (31)
where
2
a1=82+ 83’a2281+82+g3,a3=8_0 (32)
33 &3 &3

Discarding the higher-order component of smallness in the
equation (33), we obtain a second-order inhomogeneous
differential equation with a characteristic equation of the form:

Wk* —hak+a, =0 (33)
In case of positive discriminant
D= h2a12 — 4h2a2 >0 of characteristic equation,

monotonic components of the general solution of exponential
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type are obtained. Partial solution of a inhomogeneous
differential equation (31) will be a constant of the next type

X

25
Thus, the stated above approach makes it possible to
transform difference equation, as a model of a complex object,
built on the base of the interval data analysis into a differential

equation that interprets the properties of the object, as it
describes a well-known phenomenon.

VL. RESULTS

Let us consider the described approach of a transition from
the difference equation of the form (24) to a differential
equation (31) in the case of such values of the coefficients of
the recurrent formula (24):

8 =—022278,g,=1, g, =—0,728592, ¢, =—0,133172 (34)

These values were obtained as a solution to applied task of
modeling the process of spreading carbon monoxide (CO) in
the perpendicular direction from the road, as a result of a
uniform flow of motor vehicles [21]. Taking into account the

values U(O) and v(h) from recurrent presentation of the

solution (24) and taking into account the values of coefficients
(34), we will obtain the pollution forecast. The obtained results
are presented in Table 1. As can be seen, the predicted values
based on the model in the form of a difference equation are well
consistent with experiment results because forecast intervals
belong to intervals obtained by the experiment.

Now let us assess to what extent the solution of the obtained
difference equation that is the analog of a difference equation
(24) for this problem coincides with the solution in Table 1.

For this purpose, based on the values of the coefficients (34)
and the equations (32) the values of the coefficients of
approximation differential equation are computed (31):

+2 +9,+
oy =827283 7 471 g, =817 82785 _ 4 o3¢
83 83

oy =30 21,673, h=10. (35)
83

Based on these values the discriminant of characteristic
equation D =59.96884 > 0 and also real and distinct roots of a

characteristic equation k; =-0.01364, k, = 0.760750756 are
assessed.
Table 1. Measured and predicted values of carbon

monoxide
Ne | Distance | Measured Interval data Predicted
from the concentration concentration concentration
road, m. of CO of CO of CO
k ~ 3 -+ v
YoM By, mg [ m [z 2z¢ ] [v]
mg/ m>
0 0 55 [49.5, 60.5] [52,25;57,75],
1 10 47 [42.3,51.7] [44,65,49,35],
2 20 43 [38.7,47.3] [39,79;43,09]
3 30 37 [33.3,40.7] [34,93,38,12]
4 40 32 [28.8,35.2] [30,90; 33,75]
5 50 30 [27.0, 33.0] [27,96;30,98
6 60 26 [23.4, 28.6] [24,68,27,13]
7 70 23 [20.7,25.3] [21,79;23,68]
8 80 20 [18.0,22.0] [19,25;21,02]
9 90 18 [16.2, 19.8] [17,41,18,54]
10 100 16 [14.4,17.6] [15,74;16,6]
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The monotonically decreasing component of the general
solution of the homogeneous differential equation will
correspond to the first root and the monotonically increasing
component will correspond to the second root. Based on the
values of the solution at the initial observation points 0 and h,
the solution of a differential equation should decrease
monotonically. Therefore, further, we consider only the
component of the solution of the homogeneous differential
equation, which corresponds to the first root of the
characteristic equation. We determine the constant partial
solution of the inhomogeneous differential equation in the
form:

7=-%5_16115 (36)
o)

This allows recomputing the initial condition to the solution
of a homogeneous differential equation and establishing its
uncertainty constant. As a result, we obtain a general solution
of the inhomogeneous differential equation (31) in the form

v(x)=53.3884¢ "1 1+1,611599 (37)

The pollutant concentration forecast based on the
constructed analytical presentation of the solution shown in
Table 2.

As it can be seen, the maximum relative error of the forecast
for the analytical solution was 2.55%, which is proportionate to
the error of the forecast built on the basis of the difference
scheme.

Table 2. Measured and predicted by using analytical
solution (37) values of carbon monoxide

Ne | Distance Measured Predicted
from the | concentration of | concentration of Rel
road, m. CO CO Abs errors |errors
o(x),
k | Xp,m f)k,mg/m3 3 mg/m3 %
mg/m
0 0 55 55 0 0
1 10 47 48,1904 -1,190{ -2,16
2 20 43 42,2493 0,750/ 1,36
3 30 37 37,0661 -0,066| -0,12
4 40 32 32,5439 -0,543| -0,99
5 50 30 28,5986 1,401 2,55
6 60 26 25,1564 0,843 1,53
7 70 23 22,1533 0,846] 1,54
8 80 20 19,5333 0,466 0,85
9 90 18 17,2474 0,7525 1,37
10 100 16 15,2531 0,7468| 1,36

VI. CONCLUSIONS

Therefore, the proposed method gives an opportunity to build
the difference equation based on its analogue of the interval
differential equation. In the interval differential equation, built
on the base of experimental data using the methods of the
inductive approach, the coefficients of the difference scheme
have no physical meaning, which complicates the
interpretation of the physical properties of the object. At the
same time, the inductive approach to building mathematical
models in the form of the interval difference equation is based
on bee colony algorithms and has a sufficient number of
modifications implemented by software. Therefore, the
proposed method makes it possible to combine the advantages
of inductive and deductive approaches to building of
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mathematical models based on data analysis and to their
application and interpretation.

The research results showed that the solutions of both equations
(differential and difference) practically coincide. The deviation
between the solution of the difference scheme and the solution
of the differential equation is 2.55%, which is quite satisfactory
for this type of computational problem. This, in turn, creates
opportunities for the development of environments for
computer modeling of complex objects of various subject
areas, since differential equations are universal apparatus for
modeling objects and phenomena of various nature. At the
same time, the sufficiently unified and effective computational
schemes have been developed for the building of interval
difference equations, which are based on data analysis. These
schemes realize the algorithms to solve the problems of
identifying mathematical models as optimization problems.
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